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Abstract— Addressing infeasibility in non-cooperative games
has become an important topic, as many problems across
different applications face this issue. We propose a new so-
lution concept for generalized games with possibly infeasible
individual constraints. A solution is defined as the limit of a
sequence of generalized Nash equilibria induced by games with
penalty terms relaxing the individual constraints. Existence
is established for a broad range of games and we provide
conditions allowing to characterize a i)-penalized solution as
a strategy profile maximizing every player’s utility over all her
penalty minimizing strategies. A variation of Divide-the-Dollar
serves as an illustrative example.

I. INTRODUCTION

Originally introduced to model a competitive economy
[12], [2], generalized games have also been used to study
various applications (e.g., [15], [20], [5]). These games are
usually solved by using the generalized Nash equilibrium
(GNE) [12] defined as a strategy profile that is feasible for
all players and without any feasible benefiting deviation. We
refer to [16] for an extensive survey. All standard existence
theorems [14] assume that the constraint correspondences
are nonempty-valued. Under this assumption, a player has al-
ways at least one feasible strategy. Moreover, it is reasonable
to assume that she prefers feasibility implying that infeasible
profiles are not stable and that the GNE is an appropri-
ate solution concept. Typically, constraint correspondences
take only nonempty values in case of a coupled constraint
[23], i.e. the constraint correspondences are induced by a
common set for all players, but this may not hold for
general individual constraints. Nevertheless, [6] stated the
importance of providing solutions to games with constraint
correspondences taking also empty values, particularly those
without a GNE. To address this problem, [6] considers the set
of jointly feasible strategy profiles induced by the individual
constraints and solves the corresponding game with coupled
constraint. However, this approach relies on the assumption
that there is a jointly feasible strategy profile and includes
only feasible strategy profiles as solutions. It remains thus
an open question if strategy profiles that are infeasible for
some players could also be considered credible.

The algorithm proposed in [17], based on a penalization of
the constraints, computes an accumulation point that is a
GNE or a possibly infeasible generalized stationary point. It
can also be used for games with constraint correspondences
with empty values or no jointly feasible strategy profile. Nev-
ertheless, it was only applied to games with a GNE and the

1Orange Research, 46 Av. de la République, 92320 Chatillon, France
(anne.reulke @orange.com, mikael.touati @orange.com)

2Laboratoire Informatique d’ Avignon (LIA), 339 chemin des Meinajariés,
84000 Avignon, France (rachid.elazouzi @univ-avignon.fr)

possibility and consequences of defining all accumulations
points as a new solution concept has not been discussed.
Essentially, each player is assumed to maximize her utility
under her individual constraints and if the set of feasible
strategies is empty, she faces an infeasible optimization
problem. Solving such problems has also received little
attention. An approach [9], consists in detecting infeasibility
and proposing a feasible model. Another approach is to
design algorithms converging to a reasonable point even for
infeasible problems (e.g., [7], [8], [11], [1]).

In this paper, we introduce a new solution concept for
generalized games, including those with constraint corre-
spondences taking empty values, without a jointly feasible
strategy profile or without a GNE. We relax the individual
constraints and incorporate them into the utility function by
a penalty function v [10]. Iteratively increasing the penalty
induces a sequence of 1-penalized games and corresponding
GNEs, a -penalized solution being defined as their limit.
The formal definition is given in Section II and our main
results in Section III. Finally, we show an illustrative example
in Section IV. All notations used in this article can be found
in Table I.

II. MODEL AND CONCEPT

We consider a N-player non-cooperative generalized game
G = (N, (Ai)ien; (ui)ien, (Ci)ien)- The set of players is
described by the set A and the set of strategies available
to each player ¢ € N by A;. Following standard notation,
we write A for the product Hje wA; of all strategy sets
and A_; for the product J]; x ;.;A; of all strategy sets
except the one of player 7. The set of feasible strategies
for each player i € N is given by a individual constraint
correspondence C; : A_; — P(A;) which associates to
each strategy profile a_; € A_; of the other players the
feasible strategies C;(a—_;) for player i. We emphasize that
the set of feasible strategies is thus dependent on the choice
of strategies of the other players. Throughout this article,
we assume that for all players ¢ € N the strategy set A; is
a convex and compact subset of R. Moreover, we assume
that for all players the utility function u; is continuous and
concave in a;, i.e., for all a_; € A_;, u;(-,a_;) is concave.
Additionally, we consider a convex and compact coupled
constraint £ C A that is shared by all player and induces
for each player i € N the coupled constraint correspon-
dence L; : A_; — P(A;) such that L;j(a_;) := {a; €
A; | (ai,a—;) € E}. Without loss of generality, we assume
that Ua,ieA,i Li(a—;) = A; (see [23]) and that for all
players ¢ € A/ and strategy profiles a_; € A_;, Ci(a—;) C
Li(a—;).



The aim of each player i € N is to maximize her utility
function u; : A — R while respecting her constraints, i.e. to
chose a strategy a; € A;, given the other players’ strategies
a—;, that solves the maximization problem

max u;(a;,a_;)
a;€EA; (1)
s.t. a; € Ci(a,i)

We emphasize that we do not assume that the individual
constraints are nonempty-valued and Problem (1) may be
infeasible for some strategy profile a_; € A_;. We propose
therefore to relax the individual constraints and incorporate
a penalty function into the utility.

A. 1-penalized game

We introduce the N-player generalized -penalized game
Gy = (N, (Ai)iens (wi — pti)iens (Li)ien), an auxiliary
parametrized game with coupled constraints and penalized
utilities induced by game G. As before, the set of players
is N, the set of strategies of player i € AN is A; but
the only constraints are given by the coupled constraint
correspondences L;. The individual constraints are relaxed
and replaced by a penalty term that consists of a penalty
parameter p > 0 and a penalty function %; : A — R>¢ such
that for all i € A and a € A

a; € Ci(a,i) =4 ¢Z(a) =0 2)

Furthermore, we assume that ¢); is continuous and convex in

aj, i.e., forall a_; € A_;, ¥;(-,a_;) is convex. The utility

function of player ¢ in G, is defined as the sum of the original

utility and a penalty term, i.e. u; — pt;, such that, for any

a_; € A_;, player ¢ solves the maximization problem
max ui(ai, a—;) — piai,a—;)

s.t. a; € Li(a_i)

We only relaxed the individual constraints C;, while the
coupled constraint £ is left unchanged. As discussed ear-
lier, games with only a coupled constraint £ have been
extensively studied [23], [14] and do not bear the difficulty
of infeasibility. We follow hereby the idea of a partial
penalization presented in [18].

B. -penalized solution concept

Let (pn)nen € R be any sequence such that p,, — oo
and (G,, )nen the corresponding sequence of -penalized
games (as defined in Section II-A). In the following, we
show that our assumptions imply that each game G, has
at least one GNE a} € A (see Theorem 1) and define a -
penalized solution a* of game G as an accumulation point
(see Definition 1.1, p. 209 in [13]) of any such sequence
(a7 )Jnen-

We now give the formal definition of a -penalized
solution of game G.

Definition 1: A strategy profile a* is called a y-penalized
solution of game G under the constraint L if there is a
sequence (a))nen such that, for all n € N, o is a GNE

of the 1)-penalized game G, and a* is an accumulation
point of (aX),en.
A 1)-penalized solution may be infeasible for certain players
and does not, in contrast to the GNE, demand feasibility
for all players. It provides thus a solution to generalized
games with constraint correspondences taking empty values
or defining disjoint feasible sets. We show that a v-penalized
solution exists under the initially stated assumptions.
Theorem 1: There exists a 1-penalized solution of
game G.

Proof: For all players ¢ € A and any p € R, the
utility function u; — py; of the i-penalized game G, is
continuous as the composition of two continuous functions u;
and ;. Moreover, forall a_; € A_;, u;(-,a—;) —p; (-, a—;)
is concave as the sum of the two concave functions u; (-, a_;)
and —pt;(-,a_;). Hence, for all n € N, the t-penalized
game G, is a concave game under the coupled convex and
compact constraint £ and has a GNE a;; (see Theorem 1
in [23]). We can thus construct a sequence (a)nen such
that a;, is a GNE of 1 -penalized game G, . Since L is
compact, we know that (a}),cn has an accumulation point
(Bolzano—Weierstrass theorem, see 3.4.8 in [3]). |
We remark that, by definition, the t-penalized solution
depends on ¢ := (;);enr and the associated sequence of -
penalized games (G, )nen. The dependence on exogenous
parameters can be found in other solution concepts, as the
normalized equilibrium on the chosen Lagrange multipliers
[23] or the H-essential equilibrium on the class of penalty
functions [25]. The properties of y-penalized solutions with
respect to v, beyond the results shown in this paper, remain
an open question (see Section V).

III. MAIN RESULTS

In this section, we show that a ¢)-penalized solution can be
characterized without relying on the sequence of v-penalized
games (G, )nen. First, in Section III-A, we provide condi-
tions implying that a )-penalized solution a* € A solves for
each player i € N

max u;(a;,a’;)
' . . 3)
s.t. a; € argmin ¥;(b;,a”;)
b;€Li(a* ;)

Thus, at a -penalized solution a benefiting deviation in u;
would result in an infeasible strategy with respect to the
coupled constraint £ or a higher penalty ;.

In Section III-B, we give a counterexample showing that
in general it is not sufficient for a strategy profile to solve
Problem (3) for each player to be a 1-penalized solution.
Finally, in Section III-C, we provide sufficient (but not
necessary) conditions.

In the following, we have used the notion of lower semi-
continuous (1.s.c.) defined in [4]. We recall the definition in
Appendix V, where we also present a preliminary result for
the following proof.



A. -penalized solutions solving Problem (3)

First, we show that a w-penalized solution of game G
minimizes the penalty function v for every player in response
to the strategies of the other players.

Lemma 2: Let a* € A be a y-penalized solution of game
G. If for some player i € N the coupled constraint corre-
spondence L; is Ls.c., then af € argminy ;- )%( ,ar ).

Proof: By contradiction, we assume there is a strategy
a; € A; such that a; € £;(a* ;) and

Yi(ai,a”;) —i(ai,a’;) >0 4)

a* is a t-penalized solution of game G, thus by definition
there is a sequence (a;, )ren C A such that, for all & € N,
ay, is a GNE of G, := G, ~and converging to a*.
Moreover, since L; is l.s.c., and thus ls.c. at a* ;, there is
a sequence (an, .;)keN such that a,, ;, € L;(a} an,. _,) and
Qn,,,i — a; as k — oo (Lemma 6). By our initial assumption
(4) and the continuity of v;, we deduce
0 < lim ¢;(a) ;,ar _;)—
k—o00

*
ng,t? “ng,—1 wl(ankﬂ’ank,—i)

L) 1 * *
= lim — [(ui(ank,i7 ank,fi) - Pnk%‘(ank,iv an;“fi))

k—00 P,
Pnsz( nk 27a'>rk7.k —’L)):|

[Ui(azk,z‘a a;k,—i) -

= (ui(ag, s an, i) —

+

*
Ug (a"k,iv ank,—z’)}
n

Moreover, since a;,
have

. is a GNE of G,,, for all £ € N, we

(Ui(ank,i»azk,—q‘,) - p”kwi(a’nk hai,_i))
(ul(a’n;‘ 79 a’:zk 77,) Pnzﬂ/h( nk 29 a’:;k 77,)) < 0

Furthermore, wu; is continuous and £ is compact, thus the
difference u;(ay, Z,a;‘lk’ﬂ) — ui(an, i, ay, _;) is bounded
by some constant C' > 0, i.e. for all k € N:

|u1( nk,z’a:(zk —z) ui(ankﬂ7 nk —z)| < C

We conclude

0 < lim
k=00 P,

| (il @3y ) = o ilaneis @ )

P i(ay, Ay i ajlk,—l))]

- (uZ (a:Lk,i’ a:’(Lk,—Z)

- —[uilan, o0, ) — wilan il )]
nk
. 1
<04+ lim —-C=0
k=00 pn,
This is a contradiction. |

Now, we show that under additional conditions on the reg-
ularity of the individual constraints, a i-penalized solution
of game GG maximizes the original utility function among all
minimizers of the penalty function.
Theorem 3: Assume that for player ¢ € A the following
conditions hold
(i) L; is ls.c.,
(i) forall a_, € A_;, C; is Ls.c. in a—; or C;(a_;) is a
singleton,

(i) for all a—; € A_;, ¥i(,a_;) is strictly convex on

Li(a_i) \ Ci(a_

If a* is i-penalized solution of game G then af
Problem (3) for player 3.

Proof: We distinguish two cases, C;(a*,) = 0 (i.e.
player 7 has no feasible strategy at a*,) and C;(a*;) # 0
(i.e. player 7 has a feasible strategy at a* ).

First Case. Let C;(a*;) = 0. By Assumption (iii),
Pi(-,a*;) s strlctly convex on L;(a*;) implying that
argming, (- )1/11( ,a* ;) is a singleton. By Lemma 2, a; is
this umque solutlon 1mplying that it also solves Problem (3)
as unique element in the feasible set.

Second Case. Let Cj(a* ) # (. By construction of 1);
(see (2)) and Lemma 2, a; € argming, (a*, )%( a*,) =

C;(a*;), thus we must show that for all b; € C;(a*,)
i) > ui(bi,a” ;)

solves

Uq (a;k ) at

We consider the two cases induced by Assumption (ii).

If C;(a*;) is a singleton, then C;(a*;) = C;(a*;) and, as
before, a; is the unique solution to Problem (3).

If C; is Ls.c. at a*, then the correspondence C' : A_; —
P(A;) st. for all a_; € A_; Cla—;) := Ci(a_;) is also
Ls.c. (see Lemma 7 in Appendix V).

Besides, by definition of the 1-penalized solution, there is a
sequence (a;, )ren converging to a* as k — oo such that, for
all k € N, ay, is a GNE of Gy, := G, . Furthermore, by
Lemma 6, for all b; € C;(a*;) = argmmL <yl aty)
there is a sequence (b, ;)nen such that by, ; € C;(a;;
and b, ; — b; as k — oo. We have

nk —1)

u; (bnk,i,af%ﬂ)
= ul( UIRE nk —z)
< uz( [ m 71)
< uz( a’ )

nk ) ng,—1

pnkwi( Wkdﬁa;k,—i)
pnkwl( nk ) a‘;k 77,)

The first equality follows from the penalty vanishing at
(bnkﬂ?a’nk _;) as by, ; € Ci(a’, _;). The second line holds
since a is a GNE of Gnk “and bnei € Cila*;,) C
L;(a*, n) The third one follows by nonnegativity of % and
Pn- Flnally, u; is continuous and the sequences (ank)keN
and (b, ;)nen are convergent, thus by passing to the limit
we have u;(b;,a* ;) < u;(a},a*;), implying that a] solves
Problem (3). [ ]

Remark 1: Tt is standard in the literature to assume that
the constraint correspondences are l.s.c. and nonempty
valued, i.e. for all i € AN and for all a_; € A_;,
Ci(a—;) # 0. While in Theorem 3, we also assume lower
semi-continuity by Assumption (i), Assumption (ii) does not
imply that the individual correspondences take nonempty
values. In fact, by definition, a correspondence is l.s.c. in
points with empty values but it is not at a transition point
from empty to nonempty values, i.e. for any topological
spaces X,Y a correspondence C' : X — Y is not Ls.c.
in a point zg € X such that C(zg) # ( but for all
neighborhoods U () of xg there is a « € U(xg) such that
C(x) = 0. To address this problem, by Assumption (ii),



we demand that the correspondence associates a singleton
to such transition points which guarantees, roughly spoken,
a ’smooth” transition from empty to nonempty values.
Moreover, we remark that Assumption (ii) was imposed
to guarantee the uniqueness of the minimizer of ¥;(-,a_;)
on L;(a_;) \ Ci(a—;) and could therefore be replaced by
assuming directly the uniqueness.

Furthermore, the following corollary follows by the second
case in the proof of Theorem 3 showing that every -
penalized solution of game G that is feasible for all players
is a GNE.

Corollary 4: Let a* be a 1-penalized solution of game G.
If for all players i € N, a} € C;(a*;), L; is L.s.c. and C; is
Ls.c. or a singleton at a* ,, then a* is a GNE of game G.

—i

B. Solutions of Problem (3) may not be -penalized solu-
tions: a counterexample

In this section, we provide a counterexample showing that,
given penalty function %, it is not sufficient for a point
to solve Problem (3) for every player to be a v-penalized
solution. Therefore, we consider a 2-player game G with
strategy sets A; = [0, 1] and utilities u;(a;,a—;) = —(1 —
a;)?. The coupled constraint is given by £ = {(a1,as) €
[0,1]2 | a1 + a2 < 1} and the individual constraints of the
players by

_ [{w} wcl03]
Ci(az) = {@ as € (0.5,1]

and

. [al,min(3a1, 1-— al)] a] € [0,05]
Cala) = {@ a1 € (0.5,1]

We consider the penalty functions 1 (a1,as) = (a1 — az)?
and ¥y (a1,as) = d((a1,az2),[(Cy))? where d is the distance
to a set defined in Table 1. The set of GNEs of the -
penalized game G is

_ _m <
{(al,l al)G[O,l] ‘ 4pn—|—10_ 1_2 +1}

Thus, the set of -penalized solutions of game G (see

Fig. 1) is
‘1< _1
Lo <t
4 ==

The point (0,0) solves Problem (3) for both players but
is not a -penalized solution of G implying that solving
Problem (3) for all players is not sufficient without further
assumptions. Moreover, (0,0) is a GNE of G, showing
that a GNE of the original game may not be a -penalized
solution.

{(a1,1—a1) € [0,1)?

BR for player 1
—— BR for player 2
0.8 e Penalized solution
o
5
206
[=9)
S
=]
2
204
g
7]
0.2
0.0
0.0 0.2 0.4 0.6 0.8 1.0

Strategies of player 1

Fig. 1. t-penalized solutions (red) and best response correspondences for
player 1 (purple) and player 2 (green) under the coupled constraint £ (blue)
and their respective individual constraints for game G*°.

C. Sufficient conditions and exact penalization

In this section, we give conditions under which every
strategy profile solving Problem (3) for all players is a -
penalized solution.

Theorem 5: Let a* € L. Assume there are constants
Qy, > 0 such that for all players ¢ € A and strategies
a; € Li(a*;), u;i(-,a*;) is a,-Lipschitz continuous at a,
ie.

‘ui (a’iv a’

;) —uila

I < aulai — a7 (5)
and i .
[Wi(ai,a”;) — ila
or Y(a*) = ¥(a;,a”;)
If a* solves Problem (3) for all players, then a*
penalized solution.
Proof: Let a* be a solution to Problem 3 for all players.
We show that a* is a GNE of every 1)-penalized game G,
with p, > au/aw Let i € N and a; € L; ( *.). By
definition of a* we have ¥;(a;,a* ;) — ;(a*) >
First case. Let v;(a;,a* ;) = 1;(a*). Then, again by defini-
tion of a*, we also have u;(a*) > u;(a;,a* ;). Implying,

ul(a*) — ,Onll)z( ) > Uz(aza ) pnwl(a’l? 72)

Second case. Let ;(a;,a*;) > i(a*) and wu;(a
u;(a;,a* ;). For all p, > 0 we have

ui(a”) — pptpi(a®) > wiai, a;) — pnibiai, a’;)

Third case. Let ;(a;,a*;) > ;(a*) and wu;(a*) <
u;(a;,a* ;). For all p, > av, /oy, we have

pu (WitaisaZ) = witan) > 22 (witansay) — wi(a"))
%) —ui(a”)]

> ayla; — aj|
)| > ay ©)

is a -

> ayla; —aj| > |ui(ai, a
= u;i(a;,a’;) —u;i(a”)

where the second and third inequalities follow from (6) and
(5). Thus, we conclude that a* is a GNE for all ¢-penalized



games G, with p, > o,/ay. We can thus construct a
sequence (an)nen converging to a* such that a, is a GNE
of G, by setting a,, = a* for all n such that p,, > o, /ay.
|
Remark 2: Condition (6) guarantees that the penalty
is either constant or grows at least linearly. In the
counterexample in III-B, 11(-,0) does not satisfy
Condition (6) at 0. In fact, ©(-,0) is differentiable at
0 which minimizes 7 (-,0) implying ¢7(0,0) = 0 and
preventing the existence of oy, > 0.

Moreover, we can show similarly that if for some a* € £
the conditions hold then, for any pair p,, pm > @/ oy, a*
is a GNE of G, if and only if a* is a GNE of G, .. If the
conditions are satisfied at all strategy profiles a € A, then
for all py,, prm > v, /vy the set of GNEs is the same for -
penalized games G, and G, and the set of v-penalized
solutions is the closure of the set of GNEs of G, for p,, >

/vy
IV. EXAMPLE

We show now an illustrative example inspired by Divide-
the-Dollar that allows an exact penalization. Therefore, we
consider a 2-player game G”P in which each player i €
{1,2} makes a demand A; = [0, 1]. Their utility u; : A — R
is given by their respective demand, i.e. u;(a;,a—;) = a;.
Both players must share a resource whose limited amount is
modeled as a coupled constraint

£={(@1,0) € (0,1 | a1 +a2 <1}

We assume that both players know the amount of the
resource and, following the standard way to consider coupled
constraints in generalized games, that player i’s feasible set
of strategies is given by the constraint correspondences L;.
Besides, we assume that each player has additional personal
constraints. First, each player ¢ requires at least §; > 0.
Second, a player means to leave unused an amount €¢; > 0 of
the resource. The individual constraint correspondence C; :
[0,1] — [0, 1] is thus given by C;(a—;) := [0;, 1 — €; —a_;].
We consider the penalty function v; : [0,1]> — [0, 00)
defined by

bia) = d(a;,L(C)) = inf Ja; — byl %)

b, €T(Cy)
In this example, we consider the penalty function (7) as a
natural metric to measure the distance of a point to a non-
empty compact set (see the smoothing in [22]). We remark
that it is sufficient to consider the GNEs of G, with p >
1/4/2, each point satisfying the conditions of Theorem 5
with o, = 1 and vy, = /2.

In the following, we will distinguish two cases. First,
we assume that both players intend to leave unused the
same amount of the resource, i.e. €1 = €. The individual
constraints have a nonempty intersection in which all profiles
are feasible for both players (see Fig. 2a). Hence, the set of
1-penalized solutions is given by the common upper right

boundary of the individual constraints and coincides with the
set of GNEs of game GPP (see Fig. 2a).

Second, we assume the players differ in how much they
leave unused, i.e. €3 # €. Without loss of generality,
let e < ey If the §; and Jo are small enough, i.e.
01 + 02 < 1 — €1, there is again a nonempty intersection
of the individual constraints (see Fig. 2b). All profiles in
this intersection are feasible for both players. However,
no profile in this intersection is maximizing the utility for
player 1 who can always benefit by deviating to a higher
feasible demand. As a consequence, game GPP has no
GNE. Nevertheless, the game has the -penalized solution
(0.6,0.3). If the requirements §; and Jo are large, i.e.
01 + d2 > 1 — €1, the individual constraints are disjoint
(see Fig. 2c) and, by definition, there is no GNE of game
GPP. There is an infinity of v-penalized solutions on the
upper right boundary of the coupled constraint which are
all infeasible for both players.

BR for player 1
—— BR for player 2
«  Penalized solution 038

BR for player 1
—— BRfor player 2
«  Penalized solution

S S
> 3

S
=

Strategies of player 2

S
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0'Lf)vO 02 04 0.6 0.8 1.0 0'00.0 02 04 0.6 0.8 1.0

(a) 61 = 0.2, 92 = 0.3, (b) 61 = 0.2, 62 = 0.3,
€1 = € = 0.1 €1 = 0]., €g = 0.3

Lo

BR for player 1
—— BR for player 2
Penalized solution

= > %

Strategies of player 2

)

0.0
0.0 0.2 0.4 0.6 0.8 1.0

Strategies of player 1

(C) (51 = 0.6, (52 = 0.5,
€1 = 0.1, €y = 0.3

Fig. 2. t-penalized solutions (red) and best response correspondences for
player 1 (purple) and player 2 (green) under the coupled constraint £ (blue)
and their respective individual constraints for game GPP.

V. FUTURE WORKS

In the future, we aim to generalize our main results and
find weaker conditions under which solutions to Problem (3)
are 1p-penalized solutions, and vice versa. In particular, it
remains an open question to determine conditions such that
strategy profiles solving Problem (3) for all players are
1-penalized solutions without implying an exact penaliza-
tion, or allowing also differentiable penalty functions (as



in Section III-C). Furthermore, characterizing the set of 1)-
penalized solutions (e.g., topological structure, robustness,
fairness) with respect to penalty function v is an important
area for further research. Besides, further works should study
the conditions for uniqueness of the -penalized solution
as well as refinements. Finally, the compatibility of the -
penalized solution with established solution concepts as the
GNE or the Nash bargaining solution [21] should be shown.

APPENDIX

In this work, we use the notations in Table I. First, we
recall the definitions of 1.s.c. and u.s.c. (see p.109 in [4]).

G original game G' = (N, (As)ien, (ui)ien, (Ci)ien)
N set of players

N cardinality of set of players

A; set of strategies of player i € N/

A product [ [;car Ai

A_; product HieN,i;éj A;

u; utility of player 1 € A/

C} individual constraint correspondence of player i € N

L coupled constraint

L; coupled constraint correspondence of player i € N

G, 1p-penalized game G, = (N, (Adiens (i — pi)iens
(Li)ieN )

P penalty parameter

P, penalty function of player i € N

Gee game serving as a counterexample in Section III-B

Gbp game serving as an example in Section IV

d(z,A) distance of a point to a set s.t. d(z, A) := infyeca |z — a|

P(-) power set

() graph of a function or correspondence

A closure of a set A C R

TABLE I
NOTATIONS

First, we recall the definition of l.s.c. (see p.109 in [4]).

Definition 2: Let C : X — Y be a correspondence
between topological spaces X and Y. Let xg be a point
in X. C' is said to be lower semi-continuous (l.s.c.) at zq if
for each open set U C Y with C(zg) NU # 0 there is a
neighborhood N(z9) C X such that for all z € N(xp) it
holds C'(z) N U # (. We say that C' is Ls.c. in X if it is
Ls.c. at x for all x € X.

We remark that by Theorem 1 on p.109 in [4] and Corollary
1.1 in [19], the following equivalence holds.

Lemma 6: A correspondence C' : X — Y between
topological spaces X and Y is Ls.c. at g € X if and only if
for all sequences (x,)nen converging to o and yo € C(xo)
there is N € N and a sequence (y,)nen converging to
such that y,, € C(z,,) for all n > N.

Now, we prove a preliminary result on L.s.c. correspondences.

Lemma 7: Let C': X — 2Y be a correspondence between
two topological spaces X and Y. If C is Ls.c. in xg, the
correspondence C' : X — Y defined by C(z) = C(x) is
also l.s.c. in xg.

Proof: Let G be an open set such that C(zo) NG # 0.
Then there is some z € C(xg) N G. Since # € G and G
open, G is an open neighborhood of z. By the definition of

the closure of a set, we have C(x¢)NG # 0 (see p.5-6 in [24]
and Theorem 3 in [4]). Furthermore, since C' is l.s.c. in xg,
there is a neighborhood U(z() such that for all z € U(xg),
it holds C(x) N G # () and thus also C(z) NG # 0. We
conclude that C is ls.c. in z. [ |
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